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Why V.I.7?
Existence results

a- The finite dimension case
b- The Infinite dimention case

c- The quasimonotone case
Other classes of V.I.
Stability/sensitivity

a- A qualitative result

b- A guantitative result
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|
hy variational inequalities?



FIrst motivation = Optimality conditions

Let f: X — RU{+o00} andC C domf be a convex subset.

(P) findz e C : f(z) = inf f(x)

xeC
= Non constrained cas€! = domf = X

= Constrained case
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FIrst motivation = Optimality conditions

Let f: X — RU{+o00} andC C domf be a convex subset.

(P) findz e C : f(z) = inf f(x)

xeC
= Non constrained cas€! = domf = X
= Constrained case

Perfect casef convex

f: X — IRU{+00} a proper convex function
C a nonempty convex subset &f, x € C' + C.Q.

Then
f(z) =inf f(x) <= =xeSf,C)

xzel
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FIrst motivation = Optimality conditions

Let f: X — RU{+o00} andC C domf be a convex subset.

(P) findz e C : f(z) = inf f(x)

xeC
= Non constrained cas€! = domf = X
= Constrained case

Perfect casef convex

f: X — IRU{+00} a proper convex function
C a nonempty convex subset &f, x € C' + C.Q.

Then
f(z)=1inf f(x) <= =xe€S0f,C)

xzel

What about quasiconvex cassée Lecture 13
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Signorini’s frictionless contact problem

volume force
h € [L2(D)]F
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Notations

Functional spaces:

Sk = {o = (0i)ij € REXE O = gl = R?Xk

W={ve H (Q)F : v=0surl'y}

Q= {g=(a:;) € L2(Q*** : q;; = qjs, 1 <i,5 < k} = L2(Q)5*F
Wo={veW : v, <0ae. oz}

Deformation operatoe : H'(Q)* — Q

eij(u) = : {

)

({9’&2' 8uj j|
+ ;
aZBj ({9£B7;

Scalar product: (p,q)g = fQ pij(2)gij(z) dx et{u,v)w = (e(u),e(v))qQ

Elasticity operatorF : Q x S¥ — SF

Stress function s : H1(Q)* — Q defined by
olu): Q@ — S*
r —  F(ze(u)(z))
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Formulations of the problem:

Find a displacement field : 2 — R such that

—Div o(u) = fo on £
u=20 on I’
o(u)v = fa on I'g

Uy S 0, O-(,u:)]/ S 0, O-(U)VUV — O, O-(U)T — O on FS

Variational formulation:

Findu € W5 such that

(0(u),e(v) —e(u)g 2 (f,v—ww, YveW

wheref is an element of/ defined by

<fa’U>W=/Qfo.vd:c+ . fa.vda.
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1
Existence results



ach space
topological dual{*-top.)
e duality product



Notations

= X Banach space
= X* Its topological dual¢*-top.)
= (-,-) the duality product

Stampacchia variational inequality (strong):
Let7T : X — 2% be a map and’ be a nonempty subset &f.

Find £ € C such that there exists™ € T'(z) for which

(x*,y — ) >0, Vy e C.

Notation :.S(7T', C') set of solutions€ C).
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Notations

= X Banach space
= X* Its topological dual¢*-top.)
= (-,-) the duality product

Stampacchia variational inequality (strong):
Let7T : X — 2% be a map and’ be a nonempty subset &f.

Find £ € C such that there exists™ € T'(z) for which

(x*,y — ) >0, Vy e C.

An equivalent formulation is

0e€T(x)+ N(C,z).
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Existence of solution

a- The finite dimension case



2 (Stampacchia 1966)Let C' be a nonempty convex
compact subset dR™ and f : ¢' — IR™ a continuous function. Then
S(f,C) is nonempty, that is,

there existsx € C such that(f(z),y —z) >0, VyeC.
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3 (Stampacchia 1966)Let C' be a nonempty convex
compact subset dR™ and f : ¢' — IR™ a continuous function. Then
S(f,C) is nonempty, that is,

there existsx € C such that(f(z),y —z) >0, VyeC.

Let us consider the application

v C - C
x +— Y(x)=Pco(ld— f)(x) =Po(x— f(x))

1 IS continuous on the convex compact 6eand therefore, according to the Brouwer fixed point
theorem, there exists a poiate C such that

= Po(z — f(2))
t— f(x)—z,y—2) <0, VyeC
e S(f,O).

T =(z)

T ¢ ¢
=2 = ald
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The compacity hypothesis can be replaced by a "coercivity
condition":

4 LetC be a nonempty closed convex subsdRo6f

and f : C' — IR" a continuous function. If the following condition
holds

Jr > 0 such thatS(f,C N B(0,r)) N B(0,r) = 0,

thenS(f, C) is nonempty.

—p.12/55



6 LetC be a nonempty convex compact subsdR bf
and F : C' — 2" a upper semicontinuous map with convex
compact values. Thesi( F, C') is nonempty, that is,

there existt € C'andz” € F(7)

such that(z*,y —z) >0, Vye C.
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/ LetC' be a nonempty convex compact subsdR bf
and F : C' — 2" a upper semicontinuous map with convex
compact values. Thesi( F, C') is nonempty, that is,

there existt € C'andz” € F(7)

such that(z*,y — z) >0, Vye C.

F'Is upper semicontinuous atif
vV V neighb. ofF'(x), 3U neighb. ofx such thatF’(U) C V.
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8 Let(C be a nonempty convex compact subsdR of
and F : C' — 2" a upper semicontinuous map with convex
compact values. Thesi( F, C') is nonempty, that is,

there existt € C'andz” € F(7)

such that(z*,y — z) >0, Vye C.

The proof is based on the Kakutani Fixed point theorem:

If C' is a nonempty convex compact subseldf and
T : C — 2% is a cusco map, theh admits a fixed point.
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SinceF’ is cusco, its rangé’(C) is compact and the map
T = (Id — F') o Pc is also cusco sinc€c is continuous.
Now one can observe tha{ C — F'(C')) = C' — F(C'). Thereforel has a
fixed point (sayrg) onC — F(C), that is

xrg € T'(xg) < x9 € (Id—F)o Po(xo)

=S

and thust € S(F,C).

—p.14/55



Actually the existence theorem 6 is equivalent to the Kakiukaxed point theorem. Indeed, Iét be a
nonempty convex compact subsef®f andT : C — 2¢ be a cusco map. Observing that the
set-valued mag’ = Id — T is also cusco, Theorem 6 implies the solvability of the sdt«@d
Stampacchia variational inequality defined ByandC, that is there exists € C' such that

)

Ju* € (Id — T)(x) such that

zeSUd-T,C) &
(u*,y —2) >0,VyeC

)

dz* € T(x) such that
(z—z*,y—x) >0,VyeC

Takingy = z*, one has

showing thatz is a fixed point off".
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Existence of solution

b- The Infinite dimension case
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Let H be an Hilbert space, an element of* = H and
a: H X H— H abilinear application.

9 (Stampacchia 64) Let C' be a nonempty closed convex
subset of?. If a Is continuous and satisfies the following property

Ja > 0 such thata(v, v) > o|lv||?, Vv € H,
then

there exists € C' such thatu(z,y — z) > (f,y —z), VyeC.
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10 (Lax-Milgram) If a Is continuous and satisfies the
following property

Ja > 0 such thata(v,v) > o|lv||?, Vv € H,
then there exists a uniguec H such that

a(z,u) = (f,u), VuéeH.
From Theorem 9 there existsc H such that
a(u,v—u) > {(f,v—u), VveH
or in other wordsp,, (v) > ¢y (u), Yov € H where

pu(v) = a(u,v) — (f,v).

But ¢,, is linear and therefore,, = 0. —p.18/55



12 (Shih & Tan 1988) Let X be a reflexive Banach
space (' be a nonempty convex and weakly compact subsgt d¢ff
F : C — 2%" is a monotone map with convex weakly compact
values and continuous on finite dimension subsets, $hiénC’) is
nonempty.
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15 (Shih & Tan 1988) Let X be a reflexive Banach
space (' be a nonempty convex and weakly compact subsgt df
F : C — 2%" is a monotone map with convex weakly compact
values and continuous on finite dimension subsets, $liéhC') is
nonempty.

16 (Yao 1994) Let X be a reflexive Banach spadg,be
a nonempty convex and weakly compact subsét. df
F : C — 2% is a pseudomonotone map with convex weakly
compact values and continuous on finite dimension subgets, t
S(F,C') is nonempty.
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T is monotone iff Vx,y € X,Va* € T'(x) andVy* € T(x)
(y* —x*,y —x) > 0.

T 1s pseudomonotone iff
dx* e T(x) : (xy—2) > 0= (y*,y—x) >0, Vy* € T(y).

monotone

4

pseudomonotone
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Existence of solution

C- The guasimonotone case



T is monotone iff Vx,y € X,Va* € T'(x) andVy* € T(x)
(y* —x*,y —x) > 0.

T 1s pseudomonotone iff
dx* e T(x) : (xy—2) > 0= (y*,y—x) >0, Vy* € T(y).

T Is quasimonotone Iff
dx* el (z) : (5, y—z)>0= (y",y—x) >0, Vy* € T(y).
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T is monotone iff Vx,y € X,Va* € T'(x) andVy* € T(x)
(y* —x*,y —x) > 0.
T 1s pseudomonotone iff
dx* e T(x) : (xy—2) > 0= (y*,y—x) >0, Vy* € T(y).

T Is quasimonotone Iff
dx* el (z) : (5, y—z)>0= (y",y—x) >0, Vy* € T(y).

monotone

4

pseudomonotone

4
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T is monotone iff Vx,y € X,Va* € T'(x) andVy* € T(x)
(y* —x*,y —x) > 0.

T 1s pseudomonotone iff
dx* e T(x) : (xy—2) > 0= (y*,y—x) >0, Vy* € T(y).

T Is quasimonotone Iff
dx* el (z) : (5, y—z)>0= (y",y—x) >0, Vy* € T(y).

Dinh The Luc (2001) with quasimonotone, densely
pseudomonotone maps

N. Hadjisavvas and S. Schaible (1996) with quasimonotone +
existence of inner points
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17
C nonempty convex compact subsekof
T : C — 2% quasimonotone
+ upper hemi-continuous
+ T'(x) # () convex Wi-compact.

ThenS(T,C) # 0.

T 1s upper hemicontinuous ok if the restriction ofl’ to any line segment

IS usc with respect to the*-topology

—p.23/55



Knaster-Kuratowski-Mazurkiewicz (1929) :

C nonempty subset of .
w: C x C'— IR is said to be &KKM-applicationif

Vay,...,x, € C, Yxeco{xy,...,x,}
47 € 1,...,n suchthatp(x;,z) > 0.

Theorem 18
C nonempty closed convex subsekof
@ : C x C' — IR KKM-application
+ ¢(x,.) USC quasiconcave,x

+ dz e Cwith{y € C : ¢(z,y) > 0} compact.

Then dy e C suchthatp(z,y) > 0,Vz € C.

—p.24/55



Letus define ¢o: Cx(C — IR

(@,y) =  infpere)c™c—y)
The functiony is continuous concave relatively foand
fye C : p(x,y) >0} is compactyz € C.

Cas1:yis KKM """ 35 ¢ ¢ such thatp(z, ) > 0, Yz € C.

Cas2:dxy,...,x, € C,3y € co{xy,...,x,} such that

o(xi,y) <0, Vi=1,....,n

that is Vi=1,...,n, Jaf € T(x;) : (xf,yg—x;) >0
and, for some > 0 and allz € B(y,p) N C

Vi, daf € T(x;) : (xf,z—x;) > 0.
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By guasimonotonicity,
Vze B(y,p)NC, Vz*e€T(z), Vi=1,...,n,(z* 2—x;) > 0.
In both cases,

Vze B(y,p)NC, Vz-e€T(z), (25,2z—1y) >0. (1)

Let us prove thay € S(T,C):
Letz € C' (x #9),top > 0besuchthat; =y +t(x —y) € B(y,p) NC
for all t €]0,ty[. From (1), one have,

(z;,x —1y) >0, Vte|0,to], Vz; € T(z). (2)
Let us define the open subset
W={y"eX*: (y,z—1g) <0}

— p.26/55



If T'(y) C W, by upper hemicontinuityl'(z;) C W, for anyt sufficiently
closed to O, which is a contradiction with (2).

Finally3y* € T'(y) : (y*,z —y) >0, thatis

inf sup (y*,z—7) >0
xeC y*€T(7)

thusy € S(T', C) by a classical minimax theorem (Siony,
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o7 : X — 2% is said to baupper sign-continuousn C iff for any
x,y € C, one have :

Vit el0,1], inf (z*,y—x) >0

x*eT (z¢) i

— sup (¢",y —x) =0
z*eT (x)

wherez;, = (1 — t)x + ty.
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o7 : X — 2% is said to baupper sign-continuousn C iff for any
x,y € C, one have :

Vit el0,1], inf (z*,y—x) >0

x*eT (z¢) i

— sup (¢",y —x) =0
z*eT (x)

wherez;, = (1 — t)x + ty.

upper semi-continuous

4

upper hemicontinuous

4

upper sign-continuous _p.28/55



18 LetT : C' — 2% be a set-valued map.

T est calledocally upper sign-continuousn C' if, for anyz € C
there exist a neighV/, of x and a upper sign-continuous set-valued
map®, : V, — 2% with nonempty convex*-compact values such
that®,(y) C T'(y) \ {0}, Vy € Vi,

— p.29/55



EXiStence: complete form

C' honempty convex compact subsetof

T : C — 2% quasimonotone
+T'(x) # () convex wW-compact
+ upper hemicontinuous

Then S(T,C) # 0.
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EXiStence: complete form

C' honempty convex compact subsetof

T : C — 2% quasimonotone
+T'(x) # () convex wW-compact
+ Upper sign-continuous

Then S(T,C) # 0.
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C honempty convex subset ofX.

T : C — 2" guasimonotone
+T'(x) # () convex w-compact
+ locally upper sign continuous ar

Then S(T,C) # 0.

— p.30/55



C honempty convex subset &f.

T : C — 2" guasimonotone
+ locally upper sign continuous ar

+ coercivity condition:
dp >0, Vo e C\ B(0,p), Iy € C with |ly]| < |||
such thav z* € T'(z), (z*, 2 —y) > 0
and there existg’ > p such thatC N B(0, p') is weakly
compact # ().

Then S(T,C) # 0.
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1l
Other classes of V.I.



LetC C X andT : C — 2% be a map.

We denote by

e Su,(T,C) set of weak solutions of Stampacchia V..

Findz € C such that
VyeC,dz*eT(x): (x*,y—T) >0

—p.32/55



LetC C X andT : C — 2% be a map.

We denote by

e Su,(T,C) set of weak solutions of Stampacchia V..

Findz € C such that
VyeC,dz*eT(x): (x*,y—T) >0
e M (T, C) set of solutions of the Minty V..

Findz € C such that

VyeCandVy*eT(y) : (y*,y—2x) > 0.

—p.32/55



LetC C X andT : C — 2% be a map.

We denote by

e Su,(T,C) set of weak solutions of Stampacchia V..

Findz € C such that
VyeC,dz*eT(x): (x*,y—T) >0
e M (T, C) set of solutions of the Minty V..
Findz € C such that
VyeCandVy*eT(y) : (y*,y—2x) > 0.
e LM (T, C') set of local solutions of Minty V.I., i.e.

x € LM(T,C) if it exists a neighblV of z such thatt € M (T,V N C).
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X, Y l.c.tv.s.,C subset ofX
T :C — Y set-valued map
Coupling function: &:Y x(C — IR

e Variational inequality:

Findx € C' andz* € T'(z) such that
o(z*,y) — P(z*,7) > 0,

Vy e C.
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X, Y l.c.tv.s.,C subset ofX
T :C — Y set-valued map
Coupling function: &:Y x(C — IR

e Variational inequality:

Findx € C' andz* € T'(z) such that
(z*,y) — ®(7*,7) 2 0, VyeC.

Mixed var. ineq.
Findz € C'andz* € T'(z) such that

T,y — ) + h(y) — h(z) >0, VYyeC.

Also calledhemi-variational inequality

— p.33/55



X, Y l.c.tv.s.,C subset ofX
T :C — Y set-valued map
Coupling function: &:Y x(C — IR

e Variational inequality:

Findx € C' andz* € T'(z) such that
(z*,y) — ®(7*,7) 2 0, VyeC.

General var. ineq.
Find zy € X such that

(f(x0),g9(x) —g(xg)) >0, Vze X avecg(x) e C.
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X, Y l.c.tv.s.,C subset ofX
T :C — Y set-valued map
Coupling function: &:Y x(C — IR

e Variational inequality:

Findx € C' andz* € T'(z) such that
o(z*,y) — ©(z*,7) 20, Vyel.

Equilibrium problem

Find zo € C' such that
f(xg,2) + h(x) — h(zg) >0, VzeCl.
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X, Y l.c.tv.s.,C subset ofX
T :C — Y set-valued map
Coupling function: &:Y x(C — IR

e Variational inequality:

Findx € C' andz* € T'(z) such that
o(z*,y) — ©(z*,7) 20, Vyel.

e Quasimonotonicity —>-quasimonotonicity
e Upper-sign continuity —>-upper sign-continuity

— p.33/55



X, Y l.c.tv.s.,C subset ofX
T :C — Y set-valued map
Coupling function: &:Y x(C — IR

e Variational inequality:

Findx € C' andz* € T'(z) such that
o(z*,y) — ©(z*,7) 20, Vyel.

e Quasimonotonicity —>-quasimonotonicity
e Upper-sign continuity —>-upper sign-continuity

Hyp.: ®(z*, ) convexe continue andl(-, ) concave.

See Aussel-Luc, Bull. Austral. Math. Soc. (2005)
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19 C nonempty convex subset®fand? : C' — 2%~
a map.

) If 7" is pseudomonotone, thén\/ (T, C) = M (T, C).

i) If 7"is locally upper sign-continuous atthen
LM(T,C) C S,(T,C).

i) If, additionally to i7), the mapsS, are convex valued,

then LM (T,C") C S,(T,C) = S(T,C).
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LletC C X andT : C — 2%

e 7' Is properly quasimonotoni, for any x4, ..., z, € domT,
and anyr € co{x,xs,...,x,}, there exists € {1,2,...,n} such
that

Va* e T (x;) : (x*,x; —x) > 0.

monotone

U

pseudomonotone

Y

properly quasimonotone

Y

quasimonotone —p.35/55



EXiIStence of Minty V.I.

Proposition 20 (R. John (1999))
LetT : X — 2% be a set-valued map. Then the following are
equivalent:

1) T'Is properly guasimonotone

i) VC convex compacty/(T,C') # 0.

The proof is based on the Ky Fan theorem:

LetC be a closed setot andD c C. If{C, : x € D} isa
KKM family of closed convex subsets 6f and one of them is
compact, them{C, : x € D} is nonempty.

—p.36/55



EXiIStence of Minty V.I.

Proof ofz) = ii).
Let us define the set-valued mép: C — C by

Gly)={z€C : Vy" €T(y),(y",y —z) > 0}.
By hypothesis(7(y) is nonempty, convex and compact. Moreover the iffap KKM in the sense that

foranyzi,...,xz, € C,0ne hasonv{zi,...,zn} C U;=1 nG(z;) Which is immediate from the
definition of proper quasimonotonicity. By applying Ky Famheorem, we have

NyecG(y) # 0.

But any element of this intersection (saysatisfies
VyeC, Vy" €T(y), (y,y—x)>0

and is therefore a solution of the Minty variational ineatyal

For the converse, see R. John, Proc. of the GCM7 (1999).
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21 LetC' be a nonempty convex subsefXofind
T : C — 2% be quasimonotone. Then one of the following
assertions holds:

1) T'Is properly qguasimonotone
i) LM(T,C) # 0.
If, C' is weakly compact, thebM (T, C) # () in both cases.
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Suppose that) does not hold. Thus there exists, . .., z, € C,
z; € T'(x;) andz € conv{zy,...,x,} such that

*

(7, x —x;) >0, Vi

By continuity of thex?’s, there exists a neighld/ of = for which
(x7,x —x;) >0, VyeCNU

and thus, according to the quasimonotonicity/offor anyy* € T'(y),

<y*7y — x2> > 0.

Now sincex € conv{xi,...,x,}, foranyy € C NU and anyy* € T'(y),

one hasy*,y —x) > 0andx € LM (T, C).

—p.39/55



IV - Stability of Variational
iInequalities



Setting

« X Banach space
« X" Its topological dual{*-top.)
=« (+,-) the duality pairing
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Setting

« X Banach space
« X" Its topological dual{*-top.)
=« (+,-) the duality pairing

Stampacchia variational inequality:

Let 7 : X — 2% is a set-valued map
C'Is a nonempty set ok .

Find z € C such that there exists" € T'(z) with

(Ty—2) >0, Vyel

— p.41/55



Setting

« X Banach space
« X" Its topological dual{*-top.)
=« (+,-) the duality pairing

Stampacchia variational inequality:

Let U, A normed spaces
T:X x A — 2% is aset-valued map
C : U — 2% is a set-valued map.

(Pay) Findz e C'(p)andz™ € 7'(7. A) such that

@ y—x) >0, Vyecl(u).

— p.41/55



In the quasimonotone setting, "measure”
the Iinfluence of perturbations on the
solution set.

— p.42/55



In the quasimonotone setting, "measure”
the Iinfluence of perturbations on the
solution set.

Qualitative approach (usc, Isc)

Quantitative approach (Holder type estimation)
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Outline

Alm : Inthe guasimonotone setting, "measure"
the influence of perturbations on the
solution set.

a- Qualitative approach (usc, Isc)

with 7" monotone or pseudomonotone: Bianchi-Pini (03),
Chu-Lin (97), Domokos (99), Gwinner (95), Lignola-Morgd9j, ....

0- Quantitative approach (Holder type estimation)

with 71" strongly monotone or strongly pseudomonotone:
Attouch-Wets (93), Bianchi-Pini (03), Yen (95), ....
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aps (set-valued)

Ical Solutions

={x e C(p) : dx* € T(x,\)with (", y —x) >0, Vye C(un}.



Solution maps (set-valued)

e Classical Solutions
S\ p)={x € C(p) : ™ €T (x, ) with (z*,y —z) >0, Vye C(u)}.

Weakening monotonicitys- need of other solution maps
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Solution maps (set-valued)

e Classical Solutions
S\ p)={x € C(p) : ™ €T (x, ) with (z*,y —z) >0, Vye C(u)}.

e Strict Solutions
x€S”(\ ) < x e C(u)and

Jz* € T(z,\) with (z*,y —x) >0, Vye C(p)\{z}

e Star-solutions
x e S*(\, u) <=z e C(p) and

dz* € T(x,\) \ {0} with (", y —x) >0, Vye C(u)

— p.43/55



e Classical Solutions
S\, p) ={x € C(p) : ¥ €T (x,\)wWith (z*,y —z) >0, Vye C(u)}.

e Strict Solutions
€S (\pu) <z e C(u) and

Jz* € T(z,\) with (z*,y —x) >0, Vye C(p)\{z}

e Star-solutions
x e S*(\,u) <= x e C(p) and

dz* e T'(x,\) \ {0} with (x*,y —x) >0, Vye C(u)

S7(Ap) €S (A p) €S p)
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Qualitative approach
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A sequencéC,,),, of subsets oK Mosco-converges to a subseif

w— LimsupC,, CC and C C LiminfC,,.

Painvelé-Kuratowski limits :

LiminfC,, = {x € X : lim d(x,C,) =0}

n—aoo

LimsupC, ={x € X : liminfd(z,C,) = 0}.

n—oo
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MoSco-convergence: a good example

Let us consider, for any € IR?, the subset

Clp)={zc X : gi(z) <p', Vi=1,...

whereg; : X — IR, for:=1,... . ¢.

In generaly, — pu = C(u,) — C(u).

G}
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MoSco-convergence: a good example

Let us consider, for any € IR?, the subset
whereg; : X — IR, for:=1,... . ¢.

Proposition 22 If p, — pand
i) g; are continuous and semistrictly quasiconvexeXon

i) int(C'(p)) # 0 and int(C'(u,)) # 0, Vn

ThenC'(1,,) Mosco-converges t6'( ).
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Suppose™ (i) = (0 for all © € U, and

) foranyu € U, C'(u) is convex with nonempty interior;
i) 7°(-) is quasimonotone and locally upper sign-continuous;

i) for any u, — u, C(u,) Mosco-converges to'(u).

Then the graph ob* is (norm+w*) closed.

—Pp.47/55
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Supposes™(\, i) = (O forall (A, ) € A x U, and

) foranyu € U, C(u) is convex with nonempty interior;

) forany (A, u) € A x U, T(-,\)is quasimonotone and locally
upper sign-continuous of'(u);

i) for any u, — u, C(u,) Mosco-converges to'(u).

Iv) application(y, \) — T'(y, \) \ {0} is lower semicontinuous;

Then the graph ob* is (norm+w*) closed.

— p.48/55
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Supposes™(\, i) = (O forall (A, ) € A x U, and

) foranyu € U, C(u) is convex with nonempty interior;

) forany (A, u) € A x U, T(-,\)is quasimonotone and locally
upper sign-continuous of'(u);

i) for any u, — u, C(u,) Mosco-converges to'(u).

Iv) foranyy, — vy, anyz, — z and any\,, — A,

sup  (y*,z —y) < liminf Sup (Y, Zn — Yn);
y*e T (y,\)\{0} " yreT(yn,An)\{0}

Then the graph of* Is (norm+w*) closed.
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Corollary 26 If, moreover, the subsét(U) = U,cyC(p) iS
compact, then the set-valed mépis upper semicontinuous on
A xU.

that is,
VvV neigh. ofS*(x), U neigh. ofx such thats*(U) C V.
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Quantitative approach



A set-valued mafg’ : X — 2% is said t be:
e («)-strongly quasimonotonig foranyx, y € X

dz* e T(x) : (x*,y—x) >0

= (Y, y —xz) > ally —z|?, Yy €T(y).

A set-valued mafg’ : X x A — 2% is said to be:

e uniformly («)-strongly quasimonotonen) C A If,

T(-,\) is («)-strongly quasimonoton@r any \ € V.
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27 Let(C be a convex bounded subsetofwvith nonempty interior),
a neigh. of\o € A andT : X x A — 2%~ uniformly a-strongly quasimonotone
on Y, with nonempty bounded values.
Suppose

) A— T(., ) is uniformly (inz) Holder continuous i.edg > 0,n > 0 :
haus(T(xz, A), T(z, \') < BIA = N[|",V\, X € Vy, Vx € C;
) Forany \ € V,, anyz,y € (', and any sequence, — =,

sup (z%,y—z) <liminf sup (x),y— x,).
x*e T (x,\) n xr €T (xn,\)
i)  S*(A) is nonempty for alk € V.
Then
haus(S*(\), S*(\)) < §||)\ — N7, YA, N e V.
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