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f:R"” - R = [~o0, +o0]
f* : R" =R
fA(z¥) = sup{(z,2%) — f(z)}

f* is convex, l.s.c. and proper.

f** is the largest |.s.c. proper convex minorant of f.

z* € R™ is a subgradient of f at zg € f~1 (R) if
f(z) — f(z0) 2 (x —z0,2")  (z €R").

If(xg) = {:1:* € R™ : is a subgradient of f : R™ — R at ZC()}

x* € df(xg) if and only if f(xg) + f*(x*) = (xg, x™)
x* € 0f**(xq) if and only if zg € I f*(x*)
Of(xo) #0 = f**(z0) = f(xo)

*(zo) = f(zo) = 0" (x0) = 0/ (o)



<33‘1 — T, SBZ'3>+<5B2 — 1, CU’{>+"'+<€U0 — Tm, Tpy) <0
for any set of pairs (a:z,x;") ,1=0,1,...,m (m arbitrary)
such that =7 € 9 f(x;).

o :R"xR™ - R
(Pu) minimize o(x, u)

(P) minimize p(x, 0)

p : R™"—>R
p(u) = inf o(z,u)
xeRM?

(D)  maximize — ©*(0,u™)

—*(0,u*) = —p*(u”)

The optimal value is p**(0).
The set of optimal dual solutions is Op**(0).

D, .« maximize — @™ (z*, u*
x ¥



¢ -R™ xR"” - R
Y(u*, x¥) = p*(z*, u*)

(Dy+)  minimize ¥ (u®, z*)
maximize — ¢*(O,x)
f:R"—=R,g:R" - R™

minimize f(x)
Subject to g(x) <0

@;RnXRm_)R

st = { 1 QL
L:R*»xR™ - R
L(z,u*) = f(z) + {g(z), u*)

maximize  inf,egnL(z, u*)
subject to u* >0



f:R" - RU{+o0}, g: R" - RU{—00}
minimize f(z) — g(x)
@ :R®" x R®" - R
o(z,u) = f(z+u) — g(x)
g« 1 R" - R
gx(u*) = — (=g)" (—u*) = inf {(z,u*) — g(z)}
maximize g«(u™) — f*(u™)

,g:R" - RU {400} l.s.c. proper convex functions
g

inf ern {f(7) — g(2)} = infocrn {f(z) — g**(2)}
= infcrn { f(x) — supgrcpn {{(z,z*) — g*(=*)}}
= inf, pxcrn { f(x) — (z, %) + g*(z¥)}
= inf xcpn {g"(2¥) +infcrn { f(z) — (z,2%)}}
= infecpn {g%(2*) — f*(z¥)}



GENERALIZED CONVEX CONJUGATION

X, Y arbitrary sets, c: X XY — R

f: X—-R

fc:Yy - R
f(y) = supgex {c(z,y) — f(z)}

400+ (~00) = —00+ (+00) = +00 — (+o0)

Y xX —=R
d(y,z) = c(z,y)

g:Y —R

gcl X —R
g% () = sup,cy {c(z,y) — 9(y)}



c-elementary functions: rec X —c(z,y) —BER
c/-elementary functions: ycY —c(z,y) —BER

®. the set of c-elementary functions
&, the set of ¢’-elementary functions

d set of extended real-valued functions on X

f: X — R is ®-convex if it is the pointwise supremum
of a subset of ®.

The ®-convex hull of f : X — R: the largest ®-convex
minorant of f.

PROPOSITION. Let f : X — R, g: Y — R,
x € X andy €Y. Then

. /
(i) f(y) = c(z,y) — f(z), g° (x) = c(z,y) — g(y)-
/ ! ./ /
(”) f‘CCC — fC)/ gC CcC — gC .
(i) f¢ and g¢ are ®_-convex and P.-convex, respec-

tively.



PROPOSITION. The ®c-convex hull of f : X — R
coincides with fccl.

The ®_-convex hull of g : Y — R coincides with gC’C.

COROLLARY. A function f : X — R is ®.-convex if
and only if it coincides with fcc’.

A function g : Y — R is ® -convex if and only if it
coincides with gclc.

f: X — R is ®c,-convex at zg € X if

/
f¢¢ (wo) = f(o).
g:Y — Ris ® —convex at yg € Y if

/
9““(yo) = 9(vo)-
EXAMPLE. X, Y dual pair of vector spaces
(-, : X XY — R the duality pairing

c: XxY >R
c(z,y) = log (x,y)

f: X — Ris d.—convex if and only if e/ is sublinear



EXAMPLE. X = Y = [0, +00]

c: XxXY >R
c(z,y) =y
f: X — R is ®.-convex if and only if

f is convex and nondecreasing.

EXAMPLE. X topological space, Y arbitrary set

c: X XY —Rst V (zg,y,m) € X XY XR and
V' N neighborhood of g

d4’ €Y and 3 N’ C N, neighborhood of z, s.t.

c(z.9) —c(z0,9) <cl@y)+n  (z€X\N)

c(x,y’)—c(mo,y/)go (z € X).

f: X — RU{+o0} is c—convex if and only if
f is l.s.c. and has a finite-valued c-elementary minorant.
If X is a Hilbert space and Y = R X X, one can take

c: X XY —-R
2
c(z,(p,y)) = —pllz—yl|* -



EXAMPLE. X =Y =R" 0<a <1 N >0

c : XXxXY —-R
c(z,y) = —Nlz—y|°

f: X — Ris ®&.—convex if and only if
f is a—Holder continuous with constant V.

EXAMPLE. X normed space with dual X*, 0 < aa <1
Y = B*(0,N) x R, B*(0, N) the closed ball in X*
with radius N > 0

c : XxXY—-R
c(z,(w,k)) = min{—(k—w(x))*,0} +k
(t* = -0 ift<0and a # 1)

f: X — Ris ®,-convex if and only if
f is quasiconvex and a—Hoélder with constant N¢.



EXAMPLE. X = {0,1}",Y =C7; x Cy x - - - x Ch,
with C; C R unbounded from above and from below
c: X XY — R the restriction of the scalar product
f: X — Ris ®.-convex if and only if

either f does not take the value —oo or f = —o0.

EXAMPLE. X = R™
n
Y = U (£(R",RF) x RF) x R”
k=0
c : XxY—->R
—00 if u(x) <y z

c(z,(u, z,2%)) = (z, ") if u(x) =z
+o00 if u(x) >p 2

f: X — R is ®.-convex if and only if it is convex.



EXAMPLE. X =Y =R}

c : XXY—-R
min; ~0 LiY; if 0
c(z,y) = { ) is.t. y;>0LiY; y yy:#o

f: X — Ris ®.-convex if and only if it is ICAR

EXAMPLE. X =Y =R" , U {0}

c: X XY —-R
c(z,y) = — MaX;=1,....n LiY;

f: X — Ris ®.-convex if and only if it is DCAR.

THEOREM. For any h : X — R, the following state-
ments are equivalent:

(i) h is ®.—convex.

(i) infoex {f(z) — h(2)} = infoex {f(z)—h* (x)} Vf
(iii) inf e x {f(x) — h(z)} = infyey {h(y) — f(y); Vf
(iv)infre x {f(x) = h(2)} = infpex {7 (2)-h(2)} ¥ J
(v)infzex {f(z) — Mx)} = infoex{f (z)-h(z)} Vf



f 1 X — R is c-subdifferentiable at zg € X if
f(zg) € R and
there exists yg € Y such that ¢(zg, yg) € R and

f(z) = f(zo) = c(x,90) — c(z0,%0) (2 € X).
Yo Is a c—subgradient of f at xg.

Ocf(xg) = {yg €Y : yg is a c-subgradient of f at zq}
Ocf(xo) = 0 if f(xo) € R

PROPOSITION. Let f: X - R, zg € X and yg € Y.
If c(zg,yo) € R then

Yo € Ocf (o) if and only if f(zo) + f°(y0) = c(z0, yo),
Yo € @cfccl(azo) if and only if g € 9. f(yo),
Ocf(xg) # O implies that f is ®. — convex at xg,

f is . — convex at xg implies 8cfccl(:1:0) = Ocf(xg).

p: X =Y is c-cyclically monotone if

(c(z1,90) — c(z0, yo))+(c(z2, y1) — c(z1,91))+ - -+
(C(CEO7 ym) - C(:Em, ym))

is nonpositive for any set of pairs (z;,y;),2 =0,1,...,m
(m arbitrary) such that y; € p(z;).



THEOREM. p: X = Y is c-cyclically monotone

if and only if
there exists a ®.-convex function f : X — RU{+o0}

such that p(x) C Ocf(x) for every z € X.

EXAMPLE. X =Y = {1,2}

c : XxY—-=R
. [1 ifi=j
i, j) = {0 if i %

Ji, /2, /3: X =R
f1(1) = f1(2) =1
fo(1) =1, f2(2) =0
f3(1)=1,f3(2) =3

fi(e) = max{e(z, 1), ¢ (,2)}
fa(w) = max{c(z,1), ¢ (2,2) — 1}
1
fa(@) = max{c(e,1)c(2,2) +  }
defr(@) = {o} (v €X)

defa(1) = {1}, fa(2) = Y
defs(z) = {z}  (w € X)



THEOREM. For a mapping A : R — R,
the following statements are equivalent:
(i) There exists a coupling function c: X x Y — R s.t.

A(f)=1° (FeRY).
(ii) One has

Ainf £:) = sup () ({fikier € R™Y)

and
A(f+e)=A(f)—c (feRY,cecR).
Moreover, in this case c is uniquely determined by A :
c(z,y) = A((S{a:})(y) (ze X, yeY),

0.} denoting the indicator function of {z} .



GENERALIZED CONVEX DUALITY

X, U arbitrary sets, o : X xU — R
(Pu) minimize o(x, u)
ug € U
(P) minimize o(z, ug)

p : U—R
— inf
p(u) inf o(z,u)

V arbitrary set, ¢ : U x V — R

(D) maximize c(ug,v) — p°(v)

PROPOSITION. The optimal value of (D) is p° (ug).
If it is finite, the optimal solution set is 8cpccl(uo).



THEOREM. The optimal value of (D) is not greater than
the optimal value of (P).

They coincide if and only if p is ®.-convex at ug.

In this case, if the optimal value is finite

then the optimal solution set to (D) is O¢p(ug).

COROLLARY. If z € X and v € V satisfy

p(z, ug) = c(ug, v) — p(v)
thentheyareoptimalsolutionsto (7P)and (D), respectively.
0, U—R

pr(u) = o(z, u)
L : XxV->R
L(xa U) — C(u07 ’U) — Spgj(v)

If @, Is ®c-convex at ug for every x € X,

sup L(z,v) = sup {c(ug,v) — ¢5(v)} = ¢ (uo)
veV veV

= z(ug) = @(z,ug)-



If ¢ does not take the value 4o,

inf L(x,v)

inf inf {c(uo,v) — ¢5(v)}

— inf {c(uo,v) — sup {c(u,v) — @m(u)}}

reX uel
= c(ug,v) — sup {c(u,v) — inf go(a:,u)}
wel reX

= c(ug,v) — sup {c(u,v) —p(u)}
uelU

— C(“O) U) - pc(v)'



EXAMPLE. f: QCR” - R, g: QCR" — R™

minimize f(x)

(P) subject to g(x) <0

¢ : R"xR™ =R
B f(x) ifxeQandg(z)+u<O0
pl,u) = { +00 otherwise

c:R™ x (R xR™) —- R
c(u, (p,y)) = —pllu—yl?
L:R"x Ry xR™ - R
L(way) = f@HpYX (uimax{g;@),~yi} + max{gi@),~v3)°)
ifx € Q
= 400 ifz¢Q



QUASICONVEX CONJUGATION

THEOREM. For any function f : R® — R,
the following statements are equivalent:
(i) f is evenly quasiaffine.

(ii) Every nonempty level set of f is either an (open or
closed) halfspace or the whole space.

(iii) There exists £* € R™ and a nondecreasing function
h:R — R such that f = ho (-, z*).

X,Y arbitrary sets, G C X XY

¢c : XxY—=R
o - {0, T epE

otherwise

F:X=Y
Fz) = {yeY :(z,y) € G}
For f: X — R, fly) = — inf f(x)
r€F~(y)

Forg:Y — R, gcl(x) = — inf g(y)
yeF (z)



f(z0)= sup inf f(z) (x0€ X)
yEF (z0) T€F1(y)

f:X%R,xoéf_l(R), Y €Y

yo € cf(x0) <= yo € F(z0), f(wo) = inf  f(x)
z€F~*(yo)

THEOREM. Let f : X — R and zg € X.
Then f is ®.-convex at xg if and only if

VA< f(zo) 3yx € F(zo) st. Sx\(F)NF~(yy) = 0.

COROLLARY. A function f : X — R. is ®.-convex
if and only if

each level set of f is of the form () (X\F_l(y)> with
yey)
Y, CY.



THEOREM. For any h : X — R, the following state-
ments are equivalent:
(i) h is ®.—convex.

UOJQQnmx{f@Q,—hhﬁ}::im:nmx{fcw,—h“(x”>

reX

Vi X—R

(ii) inf max {f(2), ~(x)} = inf max {h(y), = ()}
Vf: X—R.

(iv) inf_max{f(x), ~h(x)} = inf max{f®(x), ~h*(z)]
Vi X—R

(v) inf max {f(z), ~h(z)} = inf_max{f(x), —h(z)}
Vi X— R.

X =R"Y =R" xR
G={(z,z*,t) e R"" x R" x R : (x,z*) > t}

f : R"=R
f(z*,t) = —inf{f(z): {(z,z*) >t}



g : R"xR—R
¢°(z) = —inf{g(z*1)): (z,z*) >t}

o (o) = sup inf {f(2) : (,2") = (w0, 2"}

w*e n

THEOREM.A function f : R™” — R is ®.-convex
if and only if it is evenly quasiconvex.

COROLLARY. The second c—conjugate fccl of any func-
tion f : R” — R coincides with the evenly quasiconvex
hull of f.

COROLLARY. Every evenly quasiconvex function is the
pointwise supremum of a collection of evenly quasiaffine
functions.

If f is evenly quasiconvex,

f = sup @ «, with o« =inf{f(x): (z,z2™) > (-, 2™)}.



THEOREM. Let f : R® — R, g € R" be such that
f(zg) € R, and let
0L f(xg) = {z* € R : (x,2*) < (xg, ")
VaeeRs t. f(x) < f(xg)}
Then
Ocflwe) = {@* 1) eR™ x R:z* € 89 flwg) t < wox™) ,
inf{fl): @wz") > = flxo) }.

COROLLARY. Let f and xqg be as above. Then

0“ f(wo) = {z* € R : (¢*, (x0,2%)) € Bef(z0)} -

COROLLARY. Let f and xq be as above. Then 8% f ()
coincides with the projection of O.f(xq) onto R™.

X real vector space, p order relation on X
p is compatible with the linear structure of X if

T1PYL ,» T2PY2 — T1+T2PY1TY2
and

xpy , A>0 = Az py.



THEOREM. Let X be a real vector space.

A function f : X — R is quasiconvex if and only if
there is a family {p;};cs of total order relations on X
that are compatible with its linear structure

and a corresponding family { f;}, of isotonic functions
fi 1 (X, p;) — (R, <) such that

f(z) = maxfi(z)  (v€X).

QUASICONVEX DUALITY

X, U arbitrary sets, o : X x U — R

(Pu) minimize ¢(x, u)

p : U—R
— inf
p(u) nf o(x,u)

ug € U

(P) minimize p(z, ug)



V arbitrary set, G C U X V

F : U=V
Fu) = {veV:(u,v)€eG}

o, v) = 0 if (u,v) eG
] —o otherwise

(D) maximize c(ug, v) — p°(v)

(D) maximize inf weF=1(v) o(x,u)
subject to v € F'(ug)

L:XxV =R
L(xa U) — C(u07 U) - gO%(U) — C(u07 U) + inf 90(337 U)

ueF~1(v)
_ infueF—l(v) o(z,v) if v e F(ug)
—00 otherwise

U p— Rm,V:RmXR,
G = {(u,u",t) e R xR xR : (u,u™) >t}, ug=0

(D) maximize inf x40y >4 0(, w)
subject tot <0



D maximize inf :
( ) e reX, I(u,u*)ZO 90(33 U)
L : XxRM™xR

L(z,u* 1) — { inf {p(w,u) : (u,u) >t} it <0
—00 otherwise

PROPOSITION. The optimal value of (D) coincides with
the value of the evenly quasiconvex hull of p at 0.

THEOREM. The optimal value of (D) is not greater than
the optimal value of (P). They coincide if and only if
p is evenly quasiconvex at O.

COROLLARY. Let zg € X be an optimal solution to
(P). Then u* € R™ is an optimal solution to (D) if
(zg,0) € X X R™ minimizes ¢(x, u)

subject to the constraint (u,u*) > 0.



fQCR" >R, g:Q—R™

) flz) ifzeQ, g(x)+u <0
pl@,u) = { +00 otherwise

infa:EX, (u,u*)>0 90(537 u)
=inf{f(z): g(z) + v <0, (u,u*) >0}
_ { inf {f(z) : (g9(z),u*) <0} i u* >0
inf f(Q2) if u* 20

(P) minimize f(x)
subject to g(x) <0

(D) maximize inf {f(z) : (g(z),u*) < 0}
subjectto u* >0

L : R"xR™xR >R
inf {£(x) : {g(x), u*) + ¢ < 0}
ifu*>0andt <0
inf £(Q) if u* #0andt <0
— 00 ift>0

L(z,u*,t) = A

\



THEOREM. If f is quasiconvex and u.s.c. along lines,
the component functions of g are convex and

there is an x € € such that g(x) < 0 (componentwise)
then

inf {£(x) : g(x) < 0} = maxinf {/(x) : (g(x), u") < 0}.
u*>
Hence, u* > 0 is an optimal solution to (D)
if and only if the optimal value of (P) coincides with that
of
(Sy*) minimize f(x)
subject to (g(x),u*) < 0.
In this case, any optimal solution zg € Q to (P) is also
an optimal solution to (Syx).



