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f : Rn ! R = [�1;+1]

f� : Rn ! R
f�(x�) = sup fhx; x�i � f(x)g

f� is convex, l.s.c. and proper.

f�� is the largest l.s.c. proper convex minorant of f:

x� 2 Rn is a subgradient of f at x0 2 f�1 (R) if

f(x)� f(x0) � hx� x0; x
�i (x 2 Rn):

@f(x0) =
n
x� 2 Rn : is a subgradient of f : Rn ! R at x0

o
x� 2 @f(x0) if and only if f(x0) + f�(x�) = hx0; x�i

x� 2 @f��(x0) if and only if x0 2 @f�(x�)
@f(x0) 6= ; =) f��(x0) = f(x0)

f��(x0) = f(x0) =) @f��(x0) = @f(x0)



D
x1 � x0; x

�
0

E
+
D
x2 � x1; x

�
1

E
+���+hx0 � xm; x�mi�0

for any set of pairs
�
xi; x

�
i

�
; i=0; 1; :::;m (m arbitrary)

such that x�i 2@f(xi):

' : Rn � Rm ! R

(Pu) minimize '(x; u)

(P) minimize '(x; 0)

p : Rm ! R
p(u) = inf

x2Rn
'(x; u)

(D) maximize � '�(0; u�)

�'�(0; u�) = �p�(u�)

The optimal value is p��(0):
The set of optimal dual solutions is @p��(0):

(Dx�) maximize � '�(x�; u�)



 : Rm � Rn ! R
 (u�; x�) = '�(x�; u�)

(Dx�) minimize  (u�; x�)

maximize �  �(0; x)

f : Rn ! R; g : Rn ! Rm

minimize f(x)
subject to g(x) � 0

' : Rn � Rm ! R

'(x; u) =

(
f(x) if g(x) + u � 0
+1 otherwise

L : Rn � Rm ! R
L(x; u�) = f(x) + hg(x); u�i

maximize infx2RnL(x; u
�)

subject to u� � 0



f : Rn ! R [ f+1g ; g : Rn ! R[f�1g

minimize f(x)� g(x)

' : Rn � Rn ! R
'(x; u) = f(x+ u)� g(x)

g� : Rn ! R
g�(u�) = � (�g)� (�u�) = inf fhx; u�i � g(x)g

maximize g�(u�)� f�(u�)

f; g : Rn ! R [ f+1g l.s.c. proper convex functions

infx2Rn ff(x)� g(x)g = infx2Rn ff(x)� g��(x)g
= infx2Rn

�
f(x)� supx�2Rn fhx; x�i � g�(x�)g

	
= infx;x�2Rn ff(x)� hx; x�i+ g�(x�)g
= infx�2Rn

�
g�(x�) + infx2Rn ff(x)� hx; x�ig

	
= infx�2Rn fg�(x�)� f�(x�)g



GENERALIZED CONVEX CONJUGATION

X, Y arbitrary sets, c : X � Y ! R

f : X ! R

fc : Y ! R
fc(y) = supx2X fc(x; y)� f(x)g

+1+ (�1) = �1+ (+1) = +1� (+1)
= �1� (�1) = �1

c0 : Y �X ! R
c0(y; x) = c(x; y)

g : Y ! R

gc
0
: X ! R

gc
0
(x) = supy2Y fc(x; y)� g(y)g



c-elementary functions: x 2 X ! c(x; y)� � 2 R
c0-elementary functions: y 2 Y ! c(x; y)� � 2 R

�c the set of c-elementary functions
�c0 the set of c

0-elementary functions

� set of extended real-valued functions on X

f : X ! R is �-convex if it is the pointwise supremum
of a subset of �:

The �-convex hull of f : X ! R: the largest �-convex
minorant of f:

PROPOSITION. Let f : X ! R, g : Y ! R;
x 2 X and y 2 Y: Then
(i) fc(y) � c(x; y)� f(x); gc

0
(x) � c(x; y)� g(y):

(ii) fcc
0c = fc; gc

0cc0 = gc
0
:

(iii) fc and gc
0
are �c0-convex and �c-convex, respec-

tively.



PROPOSITION. The �c-convex hull of f : X ! R
coincides with fcc

0
:

The �c0-convex hull of g : Y ! R coincides with gc0c:

COROLLARY. A function f : X ! R is �c-convex if
and only if it coincides with fcc

0
:

A function g : Y ! R is �c0-convex if and only if it
coincides with gc

0c:

f : X ! R is �c-convex at x0 2 X if
fcc

0
(x0) = f(x0):

g : Y ! R is �c0�convex at y0 2 Y if
gc
0c(y0) = g(y0):

EXAMPLE. X, Y dual pair of vector spaces
h�; �i : X � Y ! R the duality pairing

c : X � Y ! R
c (x; y) = log hx; yi

f : X ! R is �c�convex if and only if ef is sublinear



EXAMPLE. X = Y = [0;+1]

c : X � Y ! R
c (x; y) = xy

f: X ! R is �c-convex if and only if
f is convex and nondecreasing.

EXAMPLE. X topological space, Y arbitrary set
c : X � Y ! R s.t. 8 (x0; y; �) 2 X � Y � R and
8 N neighborhood of x0
9 y0 2 Y and 9 N 0 � N; neighborhood of x0; s.t.

c
�
x; y0

�
� c

�
x0; y

0� � c (x; y) + � (x 2 XnN 0)

c
�
x; y0

�
� c

�
x0; y

0� � 0 (x 2 X):

f : X ! R[f+1g is �c�convex if and only if
f is l.s.c. and has a �nite-valued c-elementary minorant.
If X is a Hilbert space and Y = R+ �X; one can take

c : X � Y ! R
c (x; (�; y)) = �� kx� yk2 :



EXAMPLE. X = Y = Rn; 0 < � � 1, N > 0

c : X � Y ! R
c (x; y) = �N kx� yk�

f : X ! R is �c�convex if and only if
f is ��Hölder continuous with constant N:

EXAMPLE. X normed space with dual X�; 0 < � � 1
Y = B� (0; N) � R; B� (0; N) the closed ball in X�
with radius N > 0

c : X � Y ! R
c (x; (!; k)) = min f� (k � ! (x))� ; 0g+ k

(t� = �1 if t < 0 and � 6= 1)
f : X ! R is �c-convex if and only if
f is quasiconvex and ��Hölder with constant N�:



EXAMPLE. X = f0; 1gn ; Y = C1 � C2 � � � � � Cn,
with Ci � R unbounded from above and from below
c : X � Y ! R the restriction of the scalar product
f : X ! R is �c-convex if and only if
either f does not take the value �1 or f � �1:

EXAMPLE. X = Rn

Y =
n[
k=0

�
L
�
Rn;Rk

�
� Rk

�
� Rn

c : X � Y ! R

c (x; (u; z; x�)) =

8><>:
�1 if u (x) <L z
hx; x�i if u (x) = z
+1 if u (x) >L z

f : X ! R is �c-convex if and only if it is convex.



EXAMPLE. X = Y = Rn+

c : X � Y ! R

c (x; y) =

(
mini s.t. yi>0 xiyi if y 6= 0
0 if y = 0

f : X ! R is �c-convex if and only if it is ICAR

EXAMPLE. X = Y = Rn++ [ f0g

c : X � Y ! R
c (x; y) = �maxi=1;:::;n xiyi

f : X ! R is �c-convex if and only if it is DCAR.

THEOREM. For any h : X ! R; the following state-
ments are equivalent:
(i) h is �c�convex:
(ii) infx2X ff(x)� h(x)g = infx2Xff(x)�hcc

0
(x)g 8 f

(iii) infx2X ff(x)� h(x)g = infy2Y fhc(y)� fc(y)g 8 f
(iv) infx2X ff(x)� h(x)g = infx2Xffcc

0
(x)�hcc0(x)g 8 f

(v) infx2X ff(x)� h(x)g = infx2Xffcc
0
(x)�h(x)g 8 f



f : X ! R is c-subdi¤erentiable at x0 2 X if
f(x0) 2 R and
there exists y0 2 Y such that c(x0; y0) 2 R and

f(x)� f(x0) � c(x; y0)� c(x0; y0) (x 2 X):

y0 is a c�subgradient of f at x0:
@cf(x0) = fy0 2 Y : y0 is a c-subgradient of f at x0g
@cf(x0) = ; if f(x0) =2 R

PROPOSITION. Let f : X ! R, x0 2 X and y0 2 Y:
If c(x0; y0) 2 R then

y0 2 @cf(x0) if and only if f(x0) + fc(y0) = c(x0; y0);

y0 2 @cfcc
0
(x0) if and only if x0 2 @c0fc(y0);

@cf(x0) 6= ; implies that f is �c � convex at x0;
f is �c � convex at x0 implies @cfcc

0
(x0) = @cf(x0):

� : X � Y is c-cyclically monotone if
(c(x1; y0)� c(x0; y0))+(c(x2; y1)� c(x1; y1))+� � �+
(c(x0; ym)� c(xm; ym))

is nonpositive for any set of pairs (xi; yi) ; i = 0; 1; :::;m
(m arbitrary) such that yi 2 �(xi):



THEOREM. � : X � Y is c-cyclically monotone
if and only if
there exists a �c-convex function f : X ! R[f+1g
such that �(x) � @cf(x) for every x 2 X:

EXAMPLE. X = Y = f1; 2g

c : X � Y ! R

c(i; j) =

(
1 if i = j
0 if i 6= j

f1; f2; f3 : X ! R
f1(1) = f1(2) = 1
f2(1) = 1; f2(2) = 0

f3(1) = 1; f3(2) =
3
2

f1(x) = max fc (x; 1) ; c (x; 2)g
f2(x) = max fc (x; 1) ; c (x; 2)� 1g

f3(x) = max
�
c (x; 1) ; c (x; 2) +

1

2

�
@cf1(x) = fxg (x 2 X)
@cf2(1) = f1g ; @cf2(2) = Y

@cf3(x) = fxg (x 2 X)



THEOREM. For a mapping � : RX ! RY ;
the following statements are equivalent:
(i) There exists a coupling function c : X � Y ! R s.t.

�(f) = fc (f 2 RX):

(ii) One has

�(inf
i2I

fi) = sup
i2I

�(fi) (ffigi2I � R
X
)

and

�(f + c) = �(f)� c (f 2 RX ; c 2 R):

Moreover, in this case c is uniquely determined by � :

c(x; y) = �(�fxg)(y) (x 2 X; y 2 Y );

�fxg denoting the indicator function of fxg :



GENERALIZED CONVEX DUALITY

X;U arbitrary sets; ' : X � U ! R

(Pu) minimize '(x; u)

u0 2 U

(P) minimize '(x; u0)

p : U ! R
p(u) = inf

x2X
'(x; u)

V arbitrary set, c : U � V ! R

(D) maximize c(u0; v)� pc(v)

PROPOSITION. The optimal value of (D) is pcc0(u0):
If it is �nite, the optimal solution set is @cpcc

0
(u0).



THEOREM. The optimal value of (D) is not greater than
the optimal value of (P):
They coincide if and only if p is �c-convex at u0:
In this case, if the optimal value is �nite
then the optimal solution set to (D) is @cp(u0).

COROLLARY. If x 2 X and v 2 V satisfy

'(x; u0) = c(u0; v)� pc(v)

thentheyareoptimalsolutionsto(P)and(D); respectively.

'x : U ! R
'x(u) = '(x; u)

L : X � V ! R
L(x; v) = c(u0; v)� 'cx(v)

If 'x is �c-convex at u0 for every x 2 X;

sup
v2V

L(x; v) = sup
v2V

fc(u0; v)� 'cx(v)g = 'ccx (u0)

= 'x(u0) = '(x; u0):



If c does not take the value +1;

inf
x2X

L(x; v) = inf
x2X

fc(u0; v)� 'cx(v)g

= inf
x2X

(
c(u0; v)� sup

u2U
fc(u; v)� 'x(u)g

)

= c(u0; v)� sup
u2U

�
c(u; v)� inf

x2X
'(x; u)

�
= c(u0; v)� sup

u2U
fc(u; v)� p(u)g

= c(u0; v)� pc(v):



EXAMPLE. f : 
 � Rn ! R, g : 
 � Rn ! Rm

(P) minimize f(x)
subject to g(x) � 0

' : Rn � Rm ! R

'(x; u) =

(
f(x) if x 2 
 and g(x) + u � 0
+1 otherwise

c : Rm � (R+�Rm)! R
c (u; (�; y)) = �� ku� yk2

L : Rn � R+�Rm ! R
L(x;�;y)=f(x)+�

Pm
i=1

�
2yimaxfgi(x);�yig+(maxfgi(x);�yig)2

�
ifx 2 


= +1 ifx =2




QUASICONVEX CONJUGATION

THEOREM. For any function f : Rn ! R;
the following statements are equivalent:
(i) f is evenly quasia¢ ne.
(ii) Every nonempty level set of f is either an (open or

closed) halfspace or the whole space.
(iii) There exists x� 2 Rn and a nondecreasing function

h : R! R such that f = h � h�; x�i :

X; Y arbitrary sets, G � X � Y

c : X � Y ! R

c(x; y) =

(
0 if (x; y) 2 G
�1 otherwise

F : X � Y

F (x) = fy 2 Y : (x; y) 2 Gg

For f : X ! R; fc(y) = � inf
x2F�1(y)

f(x)

For g : Y ! R; gc
0
(x) = � inf

y2F (x)
g(y)



fcc
0
(x0) = sup

y2F (x0)
inf

x2F�1(y)
f(x) (x0 2 X)

f : X ! R; x0 2 f�1 (R), y0 2 Y

y0 2 @cf(x0)() y0 2 F (x0), f(x0) = inf
x2F�1(y0)

f(x)

THEOREM. Let f : X ! R and x0 2 X:
Then f is �c-convex at x0 if and only if
8 � < f(x0) 9 y� 2 F (x0) s.t. S�(f)\F�1(y�) = ;:

COROLLARY. A function f : X ! R: is �c-convex
if and only if
each level set of f is of the form

\
y2Y�

�
XnF�1(y)

�
with

Y� � Y:



THEOREM. For any h : X ! R; the following state-
ments are equivalent:
(i) h is �c�convex:
(ii) inf

x2X
max ff(x);�h(x)g = inf

x2X
max

n
f(x);�hcc0(x)

o
8 f : X ! R:

(iii) inf
x2X

max ff(x);�h(x)g = inf
y2Y

max fhc(y);�fc(y)g

8 f : X ! R:
(iv) inf

x2X
max ff(x);�h(x)g = inf

x2X
max

n
fcc

0
(x);�hcc0(x)

o
8 f : X ! R:

(v) inf
x2X

max ff(x);�h(x)g = inf
x2X

max
n
fcc

0
(x);�h(x)

o
8 f : X ! R:

X = Rn; Y = Rn � R

G = f(x; x�; t) 2 Rn � Rn � R : hx; x�i � tg

f : Rn ! R
fc(x�; t) = � inf ff(x) : hx; x�i � tg



g : Rn � R! R
gc
0
(x) = � inf fg(x�; t)) : hx; x�i � tg

fcc
0
(x0) = sup

x�2Rn
inf ff(x) : hx; x�i � hx0; x�ig

THEOREM.A function f : Rn ! R is �c-convex
if and only if it is evenly quasiconvex:

COROLLARY. The second c�conjugate fcc0 of any func-
tion f : Rn ! R coincides with the evenly quasiconvex
hull of f:

COROLLARY. Every evenly quasiconvex function is the
pointwise supremum of a collection of evenly quasia¢ ne
functions.

If f is evenly quasiconvex,

f = sup
x�2Rn

'x�; with 'x� = inf ff(x) : hx; x�i � h�; x�ig :



THEOREM. Let f : Rn ! R, x0 2 Rn be such that
f(x0) 2 R; and let
@GPf(x0) = fx� 2 Rn : hx; x�i < hx0; x�i

8 x 2 Rn s. t. f(x) < f(x0)g:
Then
@cf(x0) = f(x�;t)2Rn�R :x�2@GPf(x0); t�hx0;x�i ;

infff(x) :hx;x�i� tg=f(x0)g:

COROLLARY. Let f and x0 be as above. Then

@GPf(x0) = fx� 2 Rn : (x�; hx0; x�i) 2 @cf(x0)g :

COROLLARY. Let f and x0 be as above. Then @GPf(x0)
coincides with the projection of @cf(x0) onto Rn:

X real vector space, � order relation on X
� is compatible with the linear structure of X if

x1 � y1 ; x2 � y2 =) x1 + x2 � y1 + y2
and

x � y ; � � 0 =) � x � �y:



THEOREM. Let X be a real vector space.
A function f : X ! R is quasiconvex if and only if
there is a family f�igi2I of total order relations on X
that are compatible with its linear structure
and a corresponding family ffigi2I of isotonic functions
fi : (X; �i)! (R;�) such that

f(x) = max
i2I

fi(x) (x 2 X):

QUASICONVEX DUALITY

X, U arbitrary sets, ' : X � U ! R

(Pu) minimize '(x; u)

p : U ! R
p(u) = inf

x2X
'(x; u)

u0 2 U

(P) minimize '(x; u0)



V arbitrary set; G � U � V

F : U � V

F (u) = fv 2 V : (u; v) 2 Gg

c(u; v) =

(
0 if (u; v) 2 G
�1 otherwise

(D) maximize c(u0; v)� pc(v)

(D) maximize infx2X; u2F�1(v)'(x; u)
subject to v 2 F (u0)

L : X � V ! R
L(x; v) = c(u0; v)� 'cx(v) = c(u0; v) + inf

u2F�1(v)
'(x; v)

=

(
infu2F�1(v)'(x; v) if v 2 F (u0)

�1 otherwise

U = Rm; V = Rm � R;
G = f(u; u�; t) 2 Rm � Rm � R : hu; u�i � tg ; u0 = 0

(D) maximize infx2X; hu;u�i�t'(x; u)
subject to t � 0



(D) maximize inf
x2X; hu;u�i�0

'(x; u)

L : X� Rm � R

L(x; u�; t) =

(
inf f'(x; u) : hu; u�i � tg if t � 0

�1 otherwise

PROPOSITION. The optimal value of (D) coincides with
the value of the evenly quasiconvex hull of p at 0:

THEOREM. The optimal value of (D) is not greater than
the optimal value of (P): They coincide if and only if
p is evenly quasiconvex at 0:

COROLLARY. Let x0 2 X be an optimal solution to
(P): Then u� 2 Rn is an optimal solution to (D) if
(x0; 0) 2 X � Rm minimizes '(x; u)
subject to the constraint hu; u�i � 0.



f : 
 � Rn ! R; g : 
! Rm

'(x; u) =

(
f(x) if x 2 
; g(x) + u � 0
+1 otherwise

infx2X; hu;u�i�0'(x; u)

= inf ff(x) : g(x) + u � 0; hu; u�i � 0g

=

(
inf ff(x) : hg(x); u�i � 0g if u� � 0
inf f(
) if u� � 0

(P) minimize f(x)
subject to g(x) � 0

(D) maximize inf ff(x) : hg(x); u�i � 0g
subject to u� � 0

L : Rn � Rm � R!R

L(x; u�; t) =

8>>><>>>:
inf ff(x) : hg(x); u�i+ t � 0g

if u� � 0 and t � 0
inf f(
) if u� � 0 and t � 0
�1 if t > 0



THEOREM. If f is quasiconvex and u.s.c. along lines,
the component functions of g are convex and
there is an x 2 
 such that g(x) < 0 (componentwise)
then

inf ff(x) : g(x) � 0g = max
u��0

inf ff(x) : hg(x); u�i � 0g :

Hence, u� � 0 is an optimal solution to (D)
if and only if the optimal value of (P) coincides with that
of

(Su�) minimize f(x)
subject to hg(x); u�i � 0:

In this case, any optimal solution x0 2 
 to (P) is also
an optimal solution to (Su�):


